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Transport of electrons through dots in a photon cavity

Exactly interacting electrons and photons, geometry
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Time-dependent transport
⇓

Time scales
⇓

Transient – intermediate – long time – steady state
⇑

Density operator
⇑

Open Systems
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Equation of motion

Liouville-von Neumann

∂tW = LW, Lρ = − i
~

[H,W ]

H = HS +HLR +HT(t), HS = He +HEM

HS =
∫
d2rψ†(r)

{
π2

2m∗ + V (r)
}
ψ(r) +HCoul + ~ωa†a

−1
c

∫
d2r j(r) ·Aγ −

e

2m∗c2

∫
d2r ρ(r)A2

γ

π =
(

p + e

c
Aext

)
, ρ = −eψ†ψ, j = − e

2m∗
{
ψ† (πψ) +

(
π∗ψ†

)
ψ
}
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A(r) =
(

êx
êy

)
A
{
a+ a†

}cos
(
πy
ac

)
cos
(
πx
ac

)
 cos

(
πz

dc

)
,

TE011, x-pol.
TE101, y-pol.
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Projection on the central system
Reduced density operator

ρS(t) = PW (t) = ρLR(0)TrLRW (t)

Liouville-von Neumann ⇒ Nakajima-Zwanzig equation (to 2nd order in HT)

∂tρS(t) = LSρS(t) +
∫ t

0
dt′K[t, t− t′; ρS(t′)]

with

K[t, s; ρS(t′)] = TrLR
{[
HT(t),

[
U(s)HT(t′)U+(s),

US(s)ρS(t′)U+
S (s)ρLρR

]]}
(1)

and
HT(t) =

∑
i,l

χ(t)
∫
dq
{
T lqic

†
qldi + (T lqi)∗d

†
i cql

}
(2)
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Spectrum of closed systems, y-polarized cavity photons

~ω = 2.0 meV
gEM = 0.05 meV
B = 0.1 T
aw = 23.8 nm
Vg = 0.1 mV
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Rabi-oscillations seen in transport current

Initial state: fully entangled 2-e Rabi-split |21) and |22)
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Charge density oscillations

t = 10 ps t = 60 ps

Variable probability in contact area → variable current
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Consequences of geometry

Dynamical Hall effect

Rabi-splitting
ACS Photonics 2, 930 (2015)

Viðar Guðmundsson (U of I) t-Transport 2016 10 / 24



Questions

What happens beyond 300 ps?
How long time is needed to get 2 electrons into the system?
Steady state?
Are there different time-regimes?

m

Time-integration not feasible
Consider Markovian instead of non-Markovian system
Continue with no rotating wave approximation
Start with short quantum wire without embedded dots
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Spectrum of closed system vs. plunger gate voltage Vg

x-polarization, ~ω = 0.8 meV, gEM = 0.05 meV, ~Ω = 2.0 meV, B = 0.1 T
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Nakajima-Zwanzig

∂tρ = − i
~

[HS, ρ]−
∑
l

Λ(Ωql, τql, χl, t)

with
Λ(Ωql, τql, χl, t) = 1

~2

∫
dq χl(t) {[τql,Ωql(t)] + h.c.}

where,

Ωql(t) =
∫ t

0
ds χ(s)U(t− s)

{
τ †qlρ(s)(1− fql)

−ρ(s)τ †qlfql
}
U †(t− s)ei(s−t)ωql
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Change of variable t− s→ s′, set ρ(t− s)→ ρ(t)

use ∫ t

0
ds exp [is(Eν − Eµ − εql)]→ πδ(Eν − Eµ − εql)

and

∫
dqA(q)δ(Eα − Eβ − εql) =

∫
dε(dq/dε)A(ε)δ(Eα − Eβ − ε)

= AαβDαβ

χl(t)→ θ(t)
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Leads to

Ω
αβ

=
{
R[ρ]

αβ
− S[ρ]

αβ

}
δ
βα

R[ρ] = ρπfτ
†
, S[ρ] = π(1− f)τ †ρ

Introduce
∆αβ = δαβ = δ(Eα − Eβ − ε)

to obtain
Z
αβ

=
∫
DA

αλ
Ω
λσ
B
σβ
dδ
σλ

⇓

Z =
∫
DA

{
(R[ρ]− S[ρ])� d∆T

}
B.
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Fock → Liouville space
Use vectorization and Kronecker tensor product

vec(AXB) =
{

BT ⊗A
}

vec(X)

dim(N) Fock-state-space → dim(N2) Liouville-transition-space
Markovian equation of motion

∂tρ
vec
S = Lρvec

S

where

L =

− i~(I ⊗H −HT ⊗ I) +
∑

X=R,S
(ZX1ZX2)


and

ZX1 =
∫ (

BT ⊗DA
)

Diag(∆T ), X = R,S

ZR2 =
∫

Diag(∆T )(I ⊗R)

ZS2 = −
∫

Diag(∆T )
(
ST ⊗ I

)
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with solution
ρvec

S (t) = [U exp (Ldiagt)V] ρvec
S (0)

where
LV = VLdiag, UL = LdiagU , UV = VU = I

Steady state can be found as the eigenvalue 0 of

0 = Lρvec
S

but we use
lim
t→∞

[U exp (Ldiagt)V] ρvec
S (0)

Here, N = 120, Vg = −1.6 mV
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Spectrum of closed system vs. plunger gate voltage Vg

x-polarization, ~ω = 0.8 meV, gEM = 0.05 meV, ~Ω = 2.0 meV, B = 0.1 T
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Conclusions

We can identify regimes of different types of transitions,
electromagnetic, non-electromagnetic
We can analyze steady state and long-time behavior
of complex cavity systems
http://arxiv.org/abs/1605.08248
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Spectrum of the Liouvillian
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