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1 The two-dimensional Ising model

• The Ising model has been a great suess in desribing therudimentary traits of olletive phenomena and phase transitionsin a large variety of systems.
• The Ising model is a olletion of lassial spins s = ±1 plaedrigidly on a regular lattie. The total number of spins is

N = Nx · Ny



i,j

Ω

• Spin i, j interats with all spins within the region Ω.Commonly only nearest neighbors interations areonsidered, we do so here.Phase transitions are aused by olletive behavior of the entities inthe system. We assume it is favorable for the energy if neighboringspins are parallel.



The Hamiltonian of the system is, (the energy of eah on�guration αis desribed by)
Eα = −

1

2

∑

〈i,j〉

JSiSj −
∑

i

HSi.

Here is lear that,1. Single spins parallel to H (Si = 1) are favored.2. Parallel neighboring spins, (SiSj = 1), are favored.The minimization of the energy should onentrate on�nding the Eα that have the lowest values.



1.1 Boundary onditionsWhat do the spins at the edge of the system in�uene the propertiesof the system?
• Spins at the edge have fewer nn.
• The ratio of edge spins to the total number of spins

2 (Nx + Ny) − 4

NxNy

= 0.36 (10 × 10 lattie).The ontribution of edge spins vanishes when Nx, Ny → ∞, but howlarge a system an we simulate?



Periodi boundary onditionsExample:
N

N

x

y

Mesoscopic system

Macroscopic system
(Ising)

Is anything lost?



N

Ny

xImplementation of periodi boundary onditions.

Modulus alulus an be usedif i, j > Nx, Ny then the index of the lattie (matrix) moves to theorigin, i.e. i = 1 of j = 1.



1.2 The Metropolis algorithmTo alulate the mean energy E and mean magnetization M in theIsing system we need the partition funtion Z: in the probabilitydistribution
P (Eα) =

1

Z
e−βEα .In Z we have a sum over all states of the system. Eah spin has twovalues.

The number of states is:
2N = 10N log(2) ≃ 1072 (16 × 16 lattie).How an we �nd the states with highest weights in the probabilitydistribution?



The Metropolis algorithm makes a new state α′ from α, weget a row of states that from a Markov-hain.

We �travel around� in the phase spae and selet the states that aremost probable, i.e. low energy and high probability. The heat�utuations at �nite temperature are simulated with randomnumbers.
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Phase space

α 0In the �middle� are states with high probability.Sine the �new state� only depends on the �last one� the �randomwalker� stays within the �middle region�.
→ We only selet states with a high probability in

E =
∑

α

P (Eα)Eα.



1.3 Further details on the appliation of MP1. We initialize the lattie in the state α1.Calulate Eα1

and Mα1

.2. Make a test state αt by turning one spin Sij → −Sij .Calulate r =
P (Eαt

)

P (Eα) .3. We use αt as a new state if r ful�lls ertain ondition, otherwise

α′ = α.Consider the quantity r

r =
P (Eαt

)

P (Eα)
= e−β(Eαt

−Eα) = e2βSij(Jfij+H)where fij = SA + SB + SC + SD. (SA. . . are next neighbors)



1.4 Flow diagram for MP

Initialize lattice

Flip spin
Calc.   r=exp(- ∆/kT)

z=random number

flip spin reject flip

Calc. measurables A

Calc. means, <A>...

If r>z If r<z

n=n+1

n



We repeat this proedure NMC times obtaining an ensemble ofenergy and magnetization values.
Eα1

, Eα2
, . . . , EαNMC

Mα1
, Mα2

, . . . , MαNMCwhih are used to evaluate E and M .

Many variants exists.



1.5 Evaluation of mean values in MPWith the use of the MP algorithm to �nd states the de�nition ofmean values hanges:
E =

∑

α

P (Eα)Eα → Em =
∑

γ

1

Nm

Eγ

M =
∑

α

P (Eα)Mα → Em =
∑

γ

1

Nm

Mγ

where the sums on the left side are over all states α, but the sums onthe right side are only over all states γ that have been seleted by theMP algorithm.



2 Ising and MetropolisFurther details:
• Spins and the lattie:Max number of spins NxNy. Elements in the matrix (spins on alattie) are written as

Sij : i = 1, . . . , Nx j = 1, . . . , NySometimes a general designation is used
Si : i = 1, . . . , NxNy.Eah spin has two states i.e. ↑ or ↓. The number of states thesystem an be in is thus
2 · 2 · 2 · . . . · 2
︸ ︷︷ ︸

NxNy

= 2NxNy .



• Spin on�gurations of states:States or spin on�gurations of the system are determined by thestate of single spins.

Example:
2 × 2 lattie i.e. Nx = Ny = 2. The number of states is 22·2 = 16.

(ii) (iii)(i) (iv)



• The energy and magnetization of the states at B = 0 is

E(i) = −8J, E(ii) = E(iii) = E(iv) = −2J,

M(i) = 4, M(ii) = M(iii) = M(iv) = 2.It is important not to mix the following quantities� Nx : The number spins in x diretion.� Ny : The number spins in y diretion.� NMP : The number of states found by the Metropolisalgorithm.



1. MetropolisIf the test state αt is aepted then the spin lattie hanges:

Sij → −Sij .This means a new state, a new spin on�guration, with energy

Eαl+1

and magnetization Mαl+1

:
Eαl+1

= Eαl
− 2 Sij (Jfij + H),

Mαl+1
= Mαl

+ 2Sij .We make the new states by �ipping the spins regularly orrandomly and obtain a sequene of states:
Eα1

, Eα2
, . . . , EαNMP

Mα1
, Mα2

, . . . , MαNMP
.



3 The saling of the alulationWe want to get rid of boring units by using dimensionless or saledquantities.
Whih quantities in the problem have a dimension?(length, mass, energy, . . .).

[J ] ≡ energy,
[kBT ] ≡ energy,

[H] ≡ energy!We measure the thermal energy and the external �eld in J :
Eα →

Eα

J
= −

1

2

∑

<i,j>

SiSj −
∑

i

(
H

J

)

Si



r = e2(βJ)(fij+( H
J

))Sij .We use saled variables
βJ =

(
J

kBT

)

→ β : dimensionless

H

J
→ B : dimensionlessWe thus use temperature on the �sale� kBT = 0, . . .(in units of J).

Thus, we have no worries about units and dimension. We obtain thephysis properties dimensionless. Natural sales. . .
kBTc is measured in terms of J.



4 Normalization of quantitiesIn order to ompare E and M for di�erent lattie sizes we need tonormalize the quantities in terms of NxNy.

Calulate per spin:
Eα →

Eα

NxNy

energy per spin,

Mα →
Mα

NxNy

magnetization per spin.



Example:The magnetization varies with lattie size

Nx = Ny = N .
M

T

N

c

οο

T



5 Further quantities of interestWe alulate the energy and the magnetization, but are alsointerested in their variation around the mean values:

The variation is de�ned by
(∆E)2 = E2 − E

2

(∆M)
2

= M2 − M
2and is onneted to the heat apaity CB and the suseptibility χT :



CB =
(∆E)2

kBT 2

χT =
(∆M)2

kBTSpeial olletive phenomena happen around the ritial temperature

kBT ≃ 2.27J where CH of χT take a maximum.In an in�nite system we have a point of singularity, phase transition,where �utuations happen at all length sales.
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