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Consider the Hartree (or LDA) equations of motion

{H0 + Vext(r) + VH(r)}ψα(r) = ǫαψα(r)

VH(r) =
e2

κ

∫

dr′
n(r′)

|r− r′|

n(r) =
∑

α

|ψα(r)|2f(ǫα − µ)

∫

dr′ n(r′, µ) = N, number of ele
tronshow do we implement them?



It is possible to use a grid to solve the equations on, or �nite elementmethod.Here we 
onsider using a mathemati
al basisWe start with the S
hrödinger equation that we want to solve

{H0 + Vext + VH}Ψα = ǫαΨα or {H0 + Vext + VH}|α) = ǫα|α)and assume we know the solutions to
{H0 + Vext}φα = Eαφα or {H0 + Vext}|α〉 = Eα|α〉We know { |α〉, Eα } and need to �nd { |α), ǫα }



The eigenstates { |α〉 } form a 
omplete orthonormal basis

∑

α

|α〉〈α| = 1 ↔
∑

α

φ∗α(r)φα(r′) = δ(r− r
′)So we 
an expand

|α) =
∑

β

|β〉〈β|α〉 =
∑

β

Cβα|β〉 ↔ Ψα(r) =
∑

β

Cβαφβ(r)

To �nd the 
oe�
ients Cαβ we take the inner produ
t of the equationof motion with 〈β| and expand |α) as indi
ated above



The equation of motion transforms into

〈β|{H0 +Hext + VH}
∑

γ

Cγα|γ〉 = ǫα
∑

γ

Cγα〈β|γ〉or

∑

γ

{Eγδβ,γ + 〈β|VH |γ〉}Cγα = ǫαCβαEigenvalue problem for a matrix (in�nite dimensional),no approximation, no di�erential equations,
ompare to perturbation theory.



IF α = 1, 2 then
0

@
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To use this equation numeri
ally we do an approximation:Trun
ate the basis { |α〉 }Can be a very high order approximation,multi parameter variational approa
hTest the a

ura
y by varying the basis size



Evaluation of 〈α|VH |β〉Often the most time 
onsuming part (CPU or human)If the ele
tron density n(r) is expli
itly 
al
ulated then

〈α|VH |β〉 = −
e2

κ

∫

dr′n(r′)

∫

dr
φ∗α(r)φβ(r)

|r′ − r|
=

∫

dr′n(r′)I(r, r′)

The density 
hanges in ea
h iteration (see later), but the kernel

I(r, r′) remains un
hanged!
I(r, r′) is often tri
ky and expensive to evaluate.



If n(r) has a 
ertain symmetry, translation or rotation invarian
e,then that part of the r
′ integration should be done analyti
allyExample: In�nite 2D strip of width Ly: Do the x-integration

〈α|VH |β〉 = −
2e2

κ

∫

dy′n(y′)

∫

dyφ∗α(y)φβ(y) ln

∣

∣

∣

∣

y − y′

Ly

∣

∣

∣

∣Example: Cir
ular symmetry 2D disk: Do the θ-integration

〈α|VH |β〉 = −
4e2

κ

∫

dr′n(r′)

∫

∞

0

φ∗α(r)φβ(r)T (r, r′)with

T (r, r′) =

{

Θ(r − r′)
r′

r
K(

r′

r
) + Θ(r′ − r)K(

r

r′
)

}

K(x) is a 
omplete ellipti
 integral (GR: 8.112)



Why are these expressions easier to use?

• Fewer dimensions to integrate over

• K(x) 
an be expanded as a series of logarithms,logarithmi
 singularities are very easy to integrate analyti
ally ornumeri
ally!In systems without similar symmetries the integral of the 1/|r − r
′|kernel is di�
ult and one should 
onsider expansions as:

1

|r − r′|
= 4π

∞
∑

l=0

l
∑

m=−l

1

2l + 1

(

rl
<

rl+1
>

)

Y ∗

lm(θ′, φ′)Ylm(θ, φ)

for spheri
al 
oordinates (r, θ, φ)



and for 
ylindri
al 
oordinates (ρ, φ, z)

1

|r − r′|
=

∞
∑

m=−∞

∫

∞

0

dkeim(φ−φ′)Jm(kρ)Jm(kρ′)e−k(z>−z<)

Here x< (x>) is the smaller (larger) of x or x′
1/|r − r

′| is the Green fun
tion for the Poisson equation in anisotropi
 in�nite spa
e. Other expansions appropriate for di�erentgeometry and setups 
an be found by expanding the Green fun
tionin appropriate eigenfun
tions, see Ja
kson CED 
hapter 3.12 in the2nd ed.
Good numeri
al work in
ludes a lot of analyti
al preparation!



Sometimes n(r) is not of primary interest, f. ex. in HFA or exa
tnumeri
al diagonalization, but the wave fun
tions are:

ns(r) =
∑

α

f(εα)|Ψα(r)|2

=
∑

α

f(εα)
∑

p,q

C∗

αpCαqφ
∗

p(r)φq(r)

=
∑

α

f(εα)
∑

p,q

CαpCαqφ
∗

p(r)φq(r)

An example is the matrix element for a 2D quantum dot in amagneti
 �eld 
al
ulated by Ingibjörg Magnúsdóttir(http://www.raunvis.hi.is/reports/1999/RH-08-99.html)



〈k|VH |l〉 =
e2

4πǫrǫ0
γkγl

X

α

fα

X

p,q

CαpCαqγpγq

kr
X

κ=0

lr
X

λ=0

nr
X

ν=0

mr
X

µ=0

(−1)κ+λ+ν+µ

κ!λ!ν!µ!

×

 

kr + |K|

kr − κ

! 

lr + |L|

lr − λ

! 

nr + |M |

nr − ν

! 

mr + |N |

mr − µ

!

×
1

2

Γ
`

L−K+|K|+|L|
2

+ κ + λ + 1
´

Γ(L − K + 1)

Γ
`

M−N+|M|+|N|
2

+ ν + µ + 1
´

Γ(M − N + 1)

×

Z ∞

0

dk(ka)2(L−K)

× 1F1

`L − K + |K| + |L|

2
+ κ + λ + 1;L − K + 1;−

k2a2

2

´

× 1F1

`M − N + |M | + |N |

2
+ ν + µ + 1;M − N + 1;−

k2a2

2

´where p = (M,nr), q = (N,mr), l = (L, lr), and k = (K, kr),

γk =
√

kr!/(|K| + kr)!,

L−K = M −N , if K > L and N > M then p↔ q



The last integral 
an be done analyti
ally, but numeri
al integrationis faster than the evaluation of the result.We need to map a set of quantum numbers f. ex. (n, l,m, s) on asingle index i, or more 
omplex mapping in absorption 
al
ulations.

Iterations
〈α|VH |β〉 depends on the solutions of H|α) = ǫα|α), but is alsoneeded there sin
e H = H0 + Vext + VH .Exa
t solutions to the nonlinear problem are not known in most 
asesTo use the linear algebra we use iterations:Guess at n(r), solve H|α) = ǫα|α), use the solution to make new

〈α|VH |β〉, 
ontinue until nN (r) ≈ nN+1(r)



Hope the iteration gives the exa
t solution

• Most often these simple minded iterations are not 
onvergent!

• Simple solution is often damping the 
hange between iterations:

n(r) = εnnew(r) + (1 − ε)nold(r).

• The system might get stu
k in a state that is not the groundstate, (HFA) → vary initial 
onditions.
• Instead of the primary quantity n(r) one might use VH(r), or

〈α|VH |β〉.Many sophisti
ated methods exist for ea
h of these problems, seeresear
h literature.



Example: 2 ele
trons in a quantum dot, HFA
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Behavior of the 
hemi
al potential µ.
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With the ex
hange intera
tionturned on, the system jumpsbetween states.In the HA the 
hange is 
ontinu-ous

In systems with a neutralizing ba
kground, the HFA 
onverges faster.in other systems the ex
hange 
an make the 
onvergen
e moreproblemati
.



α1=0.0, α2=0.4, Ns=3, B=0 T.
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