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Coupling Hamiltonian

Before opening up the system to leads we need a coupling Hamiltonian

We want sensitivity to geometry

T l
aq =

∫
Ωl

S×Ωl
drdr′

(
ψl

q(r′)
)∗
ψS

a (r)gl
aq(r, r′)
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Choice of domains and “overlap”
The integration domains for the leads are chosen to be

ΩL =
{

(x, y)|
[
−Lx

2 − 2aw,−
Lx

2

]
× [−3aw,+3aw]

}
,

ΩR =
{

(x, y)|
[
+Lx

2 ,+Lx

2 + 2aw

]
× [−3aw,+3aw]

}
and for the system

ΩL
S =

{
(x, y)|

[
−Lx

2 ,−Lx

2 + 2aw

]
× [−3aw,+3aw]

}
,

ΩR
S =

{
(x, y)|

[
+Lx

2 − 2aw,+
Lx

2

]
× [−3aw,+3aw]

}
The nonlocal overlap

gl
aq(r, r′) = gl

0 exp
[
−δl

1(x − x ′)2 − δl
2(y − y′)2] exp

(
−|Ea − εl(q)|

∆l
E

)
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Many-electron coupling

We have T l
aq coupling single-electron states (SESs), but we need T l

µν(q)
coupling many-electron states (MESs)

The Hamiltonian for the coupling is

H l
T(t) = χl(t)

∑
qa

{
T l

qac†qlda + (T l
qa)∗d†acql

}

creation operator c†ql of electron in state |q) = |nl , q) in lead l
creation operator d†a of electron in state |a) in the system
χl(t) switching function in time∑

q is summation over nl and integration over q
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We transform the Hamiltonian∑
qa

T l
qac†qlda =

∑
µνqa

T l
qac†ql |µ〉〈µ|da|ν〉〈ν|

=
∑
µνq
|µ〉c†ql

{∑
a

T l
qa〈µ|da|ν〉

}
〈ν|

=
∑
µνq
|µ〉c†ql

(
T l
µν(q)

)∗
〈ν| =

∑
q

(
T l(q)

)∗
c†ql

where we define (
T l
µν(q)

)∗
=
∑

a
T l

qa〈µ|da|ν〉(
T l(q)

)∗
=
∑
µν

(
T l
µν(q)

)∗
|µ〉〈ν|
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The coupling Hamitonian becomes

H l
T(t) = χl(t)

∑
ql

{
T l(q)cql + c†ql

(
T l(q)

)∗}
The Hamiltonian of the leads is

H l =
∑

q
εl(q)c†qlcql

In equilibrium, before coupling at t = 0 we have the density operator
(probability operator)

ρl = e−β(Hl−µlNl)

Trl{e−β(Hl−µlNl)}

cql(t) = eitH l/~cqle−itH l/~ = cqle−itε(q)/~

and

Trl
{

cql(t)c†ks(t
′)
}

= δ(q − k)δl,se−i(t−t′)εl(q)/~
{

1− f (εl(q))
}
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and
Trl

{
c†ql(t)cks(t ′)

}
= δ(q − k)δl,se+i(t−t′)εl(q)/~f (εl(q))

f (εl(q)) is the equilibrium distribution in lead l before t = 0

We can transform the coupling tensor into the Coulomb interacting
many-electron basis {|µ)}

T̃ l(q) = V+T l(q)V,
(
T̃ l(q)

)∗
= V+

(
T l(q)

)∗
V

Now we need to describe the evolution of the system after the coupling to
the leads at t = 0
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Coupling to the leads - Derivation of the GME

Leads coupled to system at t = 0, nonequilibrium, electrons are into and
through the system. We need to solve

Ẇ (t) = − i
~

[H (t),W (t)] = −iL(t)W (t)

with
H (t) = HS + HL + HR + HT(t)

Assume HS is not time-dependent

Too large task, use projection formalism of Nakajima and Zwanzig
→ time evolution of open system in presence of leads
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Projection operators

System: HS, reservoir: Hres = HL + HR, coupling: HT(t)

Projection operators: P = ρres(0)Trres, P = 1−Q

Reduced density operators

W (t) = ρres+S(t), Trresρres(0) = 1, PW (t) = ρres(0)ρS(t)

Mean value of an operator A

〈A(t)〉 = Tr{W (t)A} = TrS{ρS(t)A}
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Operator properties

PLS · · · = LSP · · ·
PLres · · · ∼ P [Hres, · · · ] = 0
QLTP = 1− PLTP = LTP − PLT︸ ︷︷ ︸

=0

P = LTP

PQ = QP = 0
QLS = LSQ
QLres = LresQ = Lres

HT is linear in cql and c†ql

PLP = LSP
PLQ = PLTQ
QLP = QLTP
QLQ = LSQ+ LresQ+QLTQ
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Equation of motion

We rewrite the equation of motion as

PẆ (t) = −iPLPW − iPLQW
QẆ (t) = −iQLPW − iQLQW

and reduce to

PẆ (t) = −iLSPW − iPLTQW
QẆ (t) = −iLTPW − i {LS + Lres +QLT}QW

Two coupled equations we solve under the condition of weak system leads
coupling
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Solution

The second equation has formal solution

QW (t) = −i
∫ t

0
dt ′ T exp

{
−i
∫ t

t′
dt ′′

[
LS(t ′′) + Lres(t ′′) +QLT(t ′′)

]}
LT(t ′)PW (t ′)

where we use QW (0) = 0, For weak coupling this becomes

QW (t) ≈ −i
∫ t

0
dt ′ exp

{
−i [LS + Lres] (t − t ′)

}
LT(t ′)PW (t ′)

as LS and Lres do not depend on time
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In the same approximation an explicit solution can be obtained to the
inhomogeneous differential equation

QẆ (t) ≈ −iLTPW − i {L0}QW

as
QW (t) = −i

∫ t

0
dt ′ U0(t − t ′)LT(t ′)PW (t ′)U +

0 (t − t ′)

where
L0 = LS + Lres, U0(t) = eiH0/~

By introducing ρS(t) = PW (t) and combining with the first equation we
get

ρ̇S(t) = −iLSρS(t)− 1
~
PLT

∫ t

0
dt ′ U0(t − t ′)LT(t ′)ρS(t ′)U +

0 (t − t ′)
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or explicitly

ρ̇S(t) = i
~

[HS, ρS(t)]

− 1
~2 Trres

{[
HT(t ′),

∫ t

0
dt ′

[
U0(t − t ′)HT(t ′)U +

0 (t − t ′)

, e−i(t−t′)HS/~ρS(t ′)e+i(t−t′)HS/~
]]}

The generalized master equation (GME), an integro-differential equation
with the kernel approximated to the second order in HT, not a Born
approximation since the integral sturcture gives terms with HT to any order

No Markov approximation → memory effects

No assumption about equilibrium in leads after coupling
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Now we use our form of the coupling HT to obtain

ρ̇(t) = − i
~

[HS, ρ(t)]

− 1
~2

∑
l=L,R

∫
dq χl(t)([T l ,Ωql(t)] + h.c.)

where two operators have been introduced to compactify the notation

Ωql(t) = U †S(t)
∫ t

t0
ds χl(s)Πql(s)ei((s−t)/~)εl(q)US(t),

Πql(s) = US(s)
(
T l†ρ(s)(1− f l)− ρ(s)T l†f l

)
U †S(t),

with US(t) = ei(t/~)HS , f l = f (εl(q)− µl)
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