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Choice of method

Lippmann-Schwinger scattering formalism
R-matrix scattering formalism
Non-equilibrium Green’s functions (NEGF)
Generalized master equation (GME)

Here, I shall detail the construction of a transport model based on the GME with
computational implementation in mind
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Model

For t < 0 in equilibrium

HS + HCoul, HL, HR

Coupled at t = 0

HS + HCoul + HL + HR + HT(t)
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Central system

Variable electron number
Coulomb interaction
Complex geometry + magnetic field

⇓

Many-body theory
Exact diagonalization
Grid-free → functional basis

Single-electron states → construction of many-electron states
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Single-electron basis for a finite system

Consider, for example, finite parabolic quantum wire with Hamiltonian

hS = − ~2

2m

(
p− e

c A
)2

+ 1
2mΩ2

0y2 + V (x, y)

Landau gauge A = (−By, 0)

hS = − ~2

2m

(
∇2 − 2i

l2 y∂x −
y2

l4

)
+ 1

2mΩ2
0y2 + V (x, y)

with l2 = (c~/(eB)) and boundary conditions for wavefunctions
ψ(±L/2, y) = 0, and ψ(x, y → ±∞) = 0

Viðar Guðmundsson (RH) t-dependent e-EM transport 2011 5 / 16



The Schrödinger equation will not be separable

Possible basis ψ0
nxny (x, y) = ϕ0

nx (x)φ0
ny (y) with

φ0
ny (y) = e−

y2
2aw√

2ny
√
πny!aw

Hny

( y
aw
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2
L sin
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)
, nx = 2, 4, 6, · · ·

where l2ωc = a2
wΩw = ~/m, Ωw =

√
Ω2

0 + ω2
c , and ωc = eB/(mc)
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Diagonalization

The basis is the eigenstates of hS if V and the y∂x -term were neglected,
we call that Hamiltonian h0 with eigenvalues E0

nxny

Expand the eigenstates of hS in the basis

ψa(x, y) =
∞∑

nxny

Ca,nxnyϕ
0
nx (x)φ0

ny (y)

Use the notation |a) and here |nxny〉

|a) =
∞∑

nxny

Ca,nxny |nxny〉

for the states
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The equation
hS|a) = Ea|a)

can be solved by using

〈mxmy|hS|a) = 〈mxmy|Ea|a)

and using the state expansion to obtain
∞∑

nxny

{〈mxmy|h0|nxny〉+ 〈mxmy|hS − h0|nxny〉}Ca,nxny = EaCa,mxmy

or
∞∑

nxny

{
E0

nxnyδnxny ,mxmy + 〈mxmy|hS − h0|nxny〉
}

Ca,nxny = EaCa,mxmy

An eigenvalue problem giving the eigenspectrum Ea, and the eigenvectors
supply the expansion coefficients Ca,nxny
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We truncate the eigenvalue equation and obtain eigenstates and spectrum
with high accuracy beyond any simple finite order perturbation expansion!

The single-electron states in the semi-infinite leads can also be found by
similar methods giving |nq)l and E l

nq , with l = L,R and q a continuous
quantum number representing the momentum
In external magnetic field spectrum of the leads can be found by analytically
integrating the eigenvalue equation over q in the complex plane, and solving
numerically the n-part for the band index n
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Many-electron basis {|µ〉}

Select NSES single-electron states, (for ex. the lowest ones. . . ) and build
NMES = 2NSES many-electron states in Fock space

|µ〉 = |iµ1 , i
µ
2 , i

µ
3 , · · · , i

µ
NSES
〉, iµa = {0, 1},Fermions

Creation and annihilation operators

Creation operator: d†d | · · · , i
µ
d , · · · 〉 = (1− iµ

d )(−1)γµ
d | · · · , (iµ

d + 1), · · · 〉

Annihilation operator: dd | · · · , iµ
d , · · · 〉 = iµ

d (−1)γµ
d | · · · , (iµ

d − 1), · · · 〉

γµ
d =

d−1∑
s=1

iµ
s
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Introduction of the field operator

ψ(r) =
∑

a
ψa(r)d

with the many-electron Hamiltonian

H =
∫

dr ψ†(r)(hS + hCoul)ψ(r)

=
∑

a
Ead†ada +

∑
abcd

(ab|VCoul|cd)d†ad†bdddc

where

(ab|VCoul|cd) =
∫

drdr′ ψ∗a(r)ψ∗b(r′)VCoul(|r− r′|)ψc(r′)ψd(r)

and

VCoul(|r− r′|) = e2

κ
√

(x − x ′)2 + (y − y′)2 + η2 , η → 0+
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For numerical evaluation

(ab|VCoul|cd) =
∫

dr ψ∗a(r)Ibc(r)ψd(r)

with
Ibc(r) =

∫
dr′ ψ∗b(r′)VCoul(|r− r′|)ψc(r′)

Practical points
We need spectra and states for any number of electrons 0−NSES

We need all binary vectors |µ〉 = |iµ1 , i
µ
2 , i

µ
3 , · · · , i

µ
NSES
〉

Label them µ = binary value of iµ1 iµ2 iµ3 · · · i
µ
NSES

Need ca|µ〉 and c†a|µ〉
Need 〈µ|d†ad†bdddc|ν〉, fast but copious integer evaluations

Viðar Guðmundsson (RH) t-dependent e-EM transport 2011 12 / 16



Build matrix elements 〈µ|H |ν〉 diagonalize → energy spectrum Ẽµ and
states |µ) that are equivalent to an expansion over all possible Slater
determinants, (here an expansion over all possible Fock states)

Unitary transformation between the noninteracting and the interacting
basis is the matrix of eigenvectors

|µ) = V|µ〉, V+|µ) = |µ〉

The methods is called “Exact numerical diagonalization” or “Configuration
interaction”
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Play with transformations

∑
a

Ead†ada =
∑
µνa

Ea|µ〉〈µ|d†ada|ν〉〈ν| =
∑

µ

{∑
a

Eaiµ
a

}
|µ〉〈µ| =

∑
µ

Eµ|µ〉〈µ|

or

∑
a

Ead†ada =
∑
µνa

Ea|µ)(µ|d†ada|ν)(ν| =
∑

µ

|µ)
{∑

a
Ea(µ|d†ada|µ)

}
(µ|

=
∑

µ

|µ)
{∑

a
Ea(µ|Na|µ)

}
(µ| =

∑
µ

|µ〉V

{∑
a

Ea〈µ|V+NaV|µ〉

}
〈µ|V+

=V
[∑

µ

|µ〉

{∑
a

Ea〈µ|Ña|µ〉

}
〈µ|

]
V+ = V

[∑
µ

|µ〉Ẽµ〈µ|

]
V+

=
∑

µ

|µ)Ẽµ(µ|
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