Haskéli Islands
Raunvisindadeild
Namsbraut i edlisfraedi

EDL302G Afifraeoi

Minudaginn 14. desember 2020, k1. 09:00-12:00.
Lokaproéf. Kennari: Vidar Gudmundsson.

Leyfileg hjalpargogn eru skriffaeri, tolvur, 6ll prentud og skrifud gogn a pappir
eda rafreenum ham, vafrar, vasareiknivélar, algebru- og grafikforrit.

I préfinu eru 5 verkefni sem 611 vega jafnt. Leysa parf fjdgur peirra. Skrifid skyrt
og greinilega allar utleidslur med hnitmidudum stuttum skyringum par sem pad 4 vid.
Oll verkefnin eru 16gd fyrir 4 islensku og ensku.

* Nemandi mé ekki piggja adstod fra 6drum en kennara naimskeidsins.

Nemendur mega koma med fyrirspurnir 4 tolvupdstfangid vidar@hi. is.

* Ekki mé syna neinum profverkefnid eda dreifa pvi medan 4 préfinu stendur.

Nemendur mega ekki hafa neitt samband sin 4 milli medan 4 préfinu stendur.

* Adeins ma nota pau hjalpargdgn sem tiltekin eru 4 préfbladi.

Ef drlausn er ekki skilad pa fer nemandi falleinkunn.

Eg geri mér grein fyrir pvi ad kennari hefur fullan rétt til pess ad fresta einkunnar-
gjof um 6akvedinn tima og krefja mig skyringa 4 urlausn minni sidar, ef hann grunar
ad ég hafi ekki fylgt reglum um préftoku.

Eg skil ad brot 4 reglum Haskdla Islands getur haft { for med sér pung vidurldg
eins og fall i ndmskeidi, en einnig 4minningu eda brottvikningu ur skdla, timabundid
eda fyrir fullt og allt.

Kennari treystir nemanda til pess ad fylgja 6llum reglum, vanda drlausn sina, leggja
sig allan fram og ldta sér ekki til hugar koma ad svindla & préfinu. Med skil 4 drlausn
undirgengst nemandi pessi skilyrdi.



1. Islenska: Ogn med massa m hreyfist { tvividri sléttu { mattinu
U(z,y) = Uy (x’g)Z,
a
par sem a er fasti med viddina lengd, ([a] = L).
(a) Finnid heppileg alhnit fyrir 6gnina.
(b) Finnid fall Lagrange fyrir 6gnina.
(c) Finnid hreyfijofnur kerfisins.
(d) Er hverfipungi agnarinnar vardveittur? Rokstyd;jid svarid.
(e) Finnid fall Hamiltons fyrir 6gnina.
(f) Finnid hreyfijofnur Hamiltons fyrir 6gnina.
(g) Er orka agnarinnar vardveitt?

(h) Hversu langt frd midju U(z, y) kemst 6gn lengst med heildarorku Er > 0
og hver purfa upphafsskilyrdin p4 ad vera?

English: Particle with mass m moves in a two-dimensional plane in the potential

ZUN 2
U(l’,y) = UO (g) )
a
where a is a constant with the dimension length, ([a| = L).

(a) Find convenient generalized coordinates for the particle.
(b) Find the Lagrangian for the particle.

(c) Find the equations of motion for the particle.

(d) Is the angular momentum of the particle conserved?

(e) Find the Hamiltonian for the particle.

(f) Find the Hamiltonian equations of motion for the particle.
(g) Is the energy of the particle conserved?

(h) How far from the center of U(x,y) can a particle with total energy E7 > 0
travel, and which initital conditions are then needed?



2. Islenska: Ogn med fastan hverfipunga hreyfist { midlagu matti eftir braut sem
lyst er med fallinu r = af?, par sem a er fasti med viddina lengd.
(a) Finnid kraft sem geti leitt til pessarar brautar.

(b) Hvada metti gefur pennan kraft?

English: A particle with constant angular momentum moves in a central poten-
tial along an orbit described by the function r = af?, where a is a constant with
the dimension length.

(a) Find a force that can support this kind of motion.

(b) What potential gives this force?



3. Islenska: I einni vidd hreyfist 3gn { mattinu

2
Uo ln{(x> + 1},
a
par sem a er jakvadur fasti med viddina lengd.

(a) Finnid mogulega jafnvaegispunkta sem 6gnin gati sveiflast um med litlu ut-
slagi.

(b) Hver er tidni smarra sveiflna um pessa punkta?

(c) Finnid fall Hamiltons fyrir 6gnina.

English: A particles moves in one dimension in the potential

2
U()hl{(x) + 1},
a
where a is a positive constant with the dimension length.

(a) Locate possible points of equilibrium that the partcle could oscillate around
with small amplitude.
(b) What is the frequency of small oscillations around these points?

(c) Calculate the Hamiltonian for the particle.



4. Islenska: I haust komumst vid ad pvi ad fyrir kleinuhring med jafndreifdum
massa M og tveimur geislum R og a pannig ad R > a

faest hverfitregdupinurinn I med stok

5a> R? 3a*

Iy=Inp=M|—+—=|, Is=M|—+R*|, I;;=0 ef i #j,
8 2 4

pegar notad er kartiska hnitakerfid sem fellur saman vid samhverfudsa kleinu-

hringsins, €3 pvert 4 laréttan flot hans (i gegnum mitt gatid), og hornréttu dsana

€1 0g €, 1 laréttu sléttunni pvert 4 ;. Nu er kleinuhringurinn settur 4 jafna snin-

ingsferd w um ds sem liggur { €3 - €5 sléttunni pannig ad hornid milli €3 og w er
6.

(a) Finnid hverfipunga kleinuhringsins L.
(b) Finnid hreyfiorku hans.

(c) Parf ytra vaegi til ad vidhalda pessum sniningi? Ef svo er, finnid pad og
skyrid.

(d) Hreyfiorkuna i sniningi hofum vid skrifad sem 7" = %w I -w, en vid @ttum
heldur ad skrifa 7" = %wT . I - w, par sem w? er linuvigur og w er dalkvig-
ur. Havisirinn 7" stendur fyrir byltuadgerdina. Hreyfiorkan 7" er skalarstard,
hvernig getum vid synt ad hiin sé ébreytt 6had pvi hvernig hornrétta hnita-
kerfi hlutarinns er sndid?



English: This fall we found out that a toroid with a mass M and a homogeneous
mass distribution having the two radia R and a such that R > a

has a moment of inertia tensor with elements

5a>  R? 3a?
111:[22=M<g+2>, 133=M<Z+R2>7 lij =0 ef i # 7,

when a cartesian coorbinate system aligned with the symmetry axes of the toroid
is used with €3 perpendicular to its horizontal plane (through the central hole),
and the orthogonal axes €; and €, in the horizontal plane. Now the toroid is set
on constant rotation w around an axis lying in the €3 - €5 plane, such that the
angle between €3 and w is 6.

(a) Find the angular momentum of the toroid L.
(b) Find its kinetic energy.

(c) Is external torque needed to maintain this rotation? If so, find it and describe
it.

(d) We have written the kinecti energy of rotation as 1" = %w - I - w, but we

should rather have used 7' = %wT - I - w, with the line vector w”. Then w
is a column vector. The superscript 7" indicates the transpose operation. The
kinetic energy 7' is a scalar quantity, how can we show that it is independent
of the orientation of the orthogonal coordinate system used to calculate it

in?



5. Islenska: Tveir massar, m; og ms, med stadsetningar x; og xy vixlverkast.
Kerfinu m4 lysa med hreyfi- og stoduorkufollunum:

T = % (it +43), U= ’; (1323 — 122125 + 823) .

(a) Finnid tidnir smarra sveiflna kerfisins.
(b) Hverjir eru normalsveifluhzttir kerfisins?
(c) Lysid normalsveifluhattunum.

(d) Finnid timahadu lausnirnar x(t) og xo(t) fyrir upphafsgildin z;(0) = 0,
SL’Q(O) = 0, .I'l(()) = Vg, 02 ZE‘Q(O) =0.

English: Two masses, m, and ms, with coordinates x; and x5 interact. The
system can be described by the kinetic and the potential energies as:

k
T= % (6 +43), U =3 (1801 - 12012, + 83)

(a) Find the frequencies of small oscillations in the system.

(b) What are the normal modes of oscillations?

(c) Describe the normal modes.

(d) Find the time dependent solutions x;(t) and z(t) for the initial conditions
x1(0) =0, 22(0) = 0, #1(0) = o, and £5(0) = 0.



